This paper sheds light on a narrow but crucial question in finance: What should be the parameters of a model of the short-term real interest rate? Although models for the nominal interest rate are well studied and estimated, dynamics of the real interest rate are rarely explored. Simple ad hoc processes for the short-term real interest rate are usually assumed as building blocks for more sophisticated models. In this paper, parameters of the real interest rate model are estimated in the broad class of single-factor interest rate diffusion processes on U.S. monthly data. It is shown that the elasticity of interest rate volatility-the relationship between the volatility of changes in the interest rate and its level-plays a crucial role in explaining real interest rate dynamics. The empirical estimates of the elasticity of the real interest rate volatility are found to be about 0.5, much lower than that of the nominal interest rate. These estimates show that the square root process, as in the Cox-Ingersoll-Ross model, provides a good characterization of the short-term real interest rate process.
Introduction
Modeling and estimating the volatility of interest rates has significant implications in finance, particularly in pricing bonds, options, and other derivatives. While there is some degree of theoretical and empirical consensus about models for the nominal interest rate, only recently has research tended toward the simultaneous analysis of these main components of the nominal interest rate-real interest rate, expected inflation, and inflation risk premia-though, primarily focusing on the latter two (see, for example, Haubrich, Pennacchi, and Ritchken (2012), Ang, Bekaert, and Wei (2008) , and Grishchenko and Huang (2012) ). Some papers focus on the termstructure of real interest rates, while dynamics of the real interest rate at the short end of the yield curve are barely studied. An ad hoc process for the short-term real interest rate is usually assumed as a building block for more sophisticated models.
To my knowledge, this is the first paper that attempts to shed light on a narrow but crucial question in finance: What should be the parameters of a model of the short-term real interest rate? By estimating single-factor models for the short-term real interest rate, it is shown that the relationship between the volatility of changes in the interest rate and its level-called the elasticity of interest rate volatility-plays a crucial role in explaining real interest rate dynamics.
Model comparison shows that a square root interest rate process (as in Cox, Ingersoll, and Ross (1985) ) is enough to capture the dependence of volatility on the level of interest rates. Many models fail to incorporate this feature, though it should an important assumption according to the empirical results of this paper.
A number of interest rate models that are commonly used to price and hedge interest-ratedependent securities begin with an assumed process for the instantaneous short-term interest rate.
These models differ most notably in the volatility structure assumed to govern interest rate 4 movements. Many empirical papers focus on nominal interest rates and do not consider the fact that two major components of the nominal interest rate are the real interest rate and expected inflation. 2 Researchers have developed many models for the short-term nominal interest rate (see the discussion of nominal interest rate models in Dai and Singleton (2000) and Dai and Singleton (2003) ), 3 but fewer models were developed for the real interest rate (see, for example, the discussion in Ang, Bekaert, and Wei (2008)).
There is some understanding of the sources of inflation and factors that can influence it, as well as the way policymakers can forecast and control it, though only a small number of papers devote attention to real interest rates. Although theoretical research often assumes that the real interest rate is constant, empirical estimates for the real interest rate process vary between constancy (Fama (1975) ), mean-reverting behavior (Hamilton (1985) ), and a unit root process (Rose (1988) ). There seems to be greater consensus on the fact that the real interest rate variation mainly affects the short end of the term structure and expected inflation and inflation risk premia influence long-term interest rates (see, among others, Fama (1990) and Mishkin (1990) In theory, the Fisher equation tells us that the nominal interest rate is simply the sum of the real interest rate and expected inflation. When inflation is stochastic, the Fisher equation is extended by inflation risk premia and other "higher-order" components, related to nonlinearities, when calculating inflation expectations (see the discussion in Sarte (1998)).
The problem is more complex with longer-term real interest rates and different econometric methods have been applied to estimate real interest rates and their term structure.
Older papers simply used projected ex-post real interest rates on instrumental variables (Mishkin (1981) and Huizinga and Mishkin (1986) ). Hamilton (1985) , Fama and Gibbons (1982) , and
Burmeister, Wall, and Hamilton (1986) use ARIMA models and identify expected inflation and real interest rates under the assumption of rational expectations using the Kalman filter. Ang, Bekaert, and Wei (2008) were the first to establish a comprehensive set of stylized facts regarding the term structure of real interest rates. They found that the term structure of real interest rates has a fairly flat shape and that the real short-term interest rate is negatively The remainder of paper is organized as follows. Section 2 discusses different theoretical single-factor short-term interest rate models. Section 3 provides the estimation methodology, data description, and empirical results. In Section 4, potential implications of the results of this paper are discussed. Section 5 concludes.
Models of the Short-Term Interest Rate
In this section, I briefly discuss canonical models that can be nested in the broad class of single-factor continuous interest rate diffusion processes. To model the interest rate dynamics, it is common to consider a continuous-time diffusion process defined by:
where r is the continuous (real) interest rate and dz is the Brownian motion.
This continuous-time model can be represented as the following discrete-time analog: 
Model 10 CIR-VR 0 0 -1.5 3 Table 1 . Parameter restrictions (degrees of freedom) imposed by alternative models of the short-term interest rate.
Model 1 is an "unrestricted" version of the single-factor interest rate diffusion processes Many theoretical models use a certain interest rate process as an assumption. From a theoretical standpoint, many canonical models mentioned above do not require interest rates to be positive, implying a better fit with real interest rates. A theoretical calculation of the real interest rate is usually based on the stochastic discount factor approach. To satisfy the noarbitrage condition, the real price of an arbitrary financial instrument must adhere to the law of one price: (4) ) (
M is a real stochastic discount factor, t P is the price level, and t E is the conditional expectation operator at time t.
As the nominal and real stochastic discount factors are connected through inflation, under standard assumptions of log-normality, the one-period nominal interest rate can be expressed as: 
In this paper, I study short term (3 months) interest rates and assume that there is only a negligible inflation risk in it. I intentionally do not attempt to decompose the nominal interest rate into other components, as they are very small for the short-term interest rate and any procedure for estimating the risk premia would demand prior ad hoc assumptions about the structure of the real interest rate model. Instead, I focus on estimating the model of the short-term real interest rate using only data on 3-month Treasury-Bill interest rates and expected inflation.
Data
The real interest rate is calculated using the standard Fisher equation (6) . Dynamics of expected inflation, nominal interest rates, and real interest rates are presented in Figures 1 and 2 . Both surveys provide similar dynamics of real interest rates. Since 1947, the dynamics of real interest rates was usually between -5 percent and 5 percent (Figure 1) and the dynamics of real interest rates looks more like a random process without clear trends, although expected inflation and nominal interest rates have historical trends and were influenced by economic policies. In the early 80s, inflation was high and Paul Volker, the chairman of the Federal Reserve, implemented the policy of high interest rates, pushing real interest rates up.
Since the beginning of the 2008 crisis, nominal interest rates fell almost to zero, while inflation expectations were rather volatile, leading to substantial volatility in real interest rates. 
Empirical Estimates
I begin by estimating a single-equation model for the short-term interest rate of the form: 
Model Comparison
In this section, I compare the "unrestricted" model for the real interest rate with the nine other standard nested models discussed before. Table 3 reports parameter estimates, their standard errors, asymptotic t-statistics, and GMM minimized criterion ( The empirical results are striking ( 
Potential Implications
The empirical results of this paper are important as building blocks for more sophisticated interest rate models. Modeling dynamics of the real interest rate simultaneous with dynamics of inflation would give a better perspective on the volatility of the nominal interest rate 21 dynamics. The key findings of this paper are the estimates of the parameters of the volatility structure of the real interest rate model. The results of this paper can be extended and applied to different multi-factor models of interest rates with implications on bond and option pricing.
One of the potential applications of the results of this paper is the improvement of TIPS pricing. The estimated square root process for the real interest rate can be incorporated into a model of the term structure of real interest rates, expected inflation, and inflation risk premia, similar to Haubrich, Pennacchi, and Ritchken (2012) and Grishchenko and Huang (2012).
Haubrich, Pennacchi, and Ritchken (2012) construct the model with an ad hoc assumption that the real interest rate process has a volatility structure that does not depend on the level of the interest rate. Somewhat similar assumptions are used in Grishchenko and Huang (2012) . Both papers have important empirical implications for pricing TIPS. Using the estimated process for the short-term real interest rate of this paper, one might better understand the inflation risk premium for longer maturities and pricing of inflation-protected securities.
Real interest rates might play an important role in understanding the connection between yields on Treasury-Bill and the Federal Funds rate. Piazzesi (2005) shows that nominal bond yields respond to policy decisions of the Federal Reserve and vice versa and, therefore, suggests that models of the yield curve should take into account monetary policy actions of the Federal Reserve. As the Federal Reserve changes its nominal interest rate in response to changes in inflation and other macroeconomic variables, incorporating dynamics of the real interest rate from this paper in Piazzesi's framework might provide a better understanding of the connection between different short-term interest rates.
All of these applications are left for future research. 22 
Conclusion
While parameters of nominal interest rate models are well studied, not much is done in the field of real interest rates. This paper demonstrates that a canonical level of the parameter of the elasticity of nominal interest rate volatility of about 1.5 cannot be applied to the real interest rate model. Instead, the empirical estimates of this paper on U.S. data show that the short-term real interest rate has a much lower level of elasticity of interest rate volatility in the class of single-factor diffusion processes.
Using the 3-month Treasury-Bill interest rate and inflation expectations data, time series for real interest rates are constructed. The empirical estimates of this paper found the elasticity of the real interest rate volatility to be about 0.5, consistent with the square root single-factor diffusion process. The model comparison confirms that the Cox, Ingersoll, and Ross (1985) model provides a good characterization of the short-term real interest rate process. The analysis of structural changes during the Volcker disinflation period did not confirm the existence of a structural break in the volatility structure of the real interest rate model.
